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We obtain a charged accelerating AdS black hole solution in f(R) gravity and investigate its
thermodynamic behaviour. We consider low-acceleration black holes that do not have an acceleration
horizon and obtain the first law of thermodynamics for them. We further study the parameter space
of charged slowly accelerating f(R) AdS black holes before investigating the behaviour of the free
energy in both the canonical and grand canonical ensembles. We find a generalization of the reverse
isoperimetric inequality, applicable to black holes in f(R) gravity, that indicates these black holes
can become super-entropic relative to their counterparts in Einstein gravity.
I. INTRODUCTION
The well known vacuum C-metric was introduced in
[1, 2], and then investigated in [3, 4]. Later on, a charged
C-metric was discovered [5]. Mathematically, the C-
metric is a solution of the Einstein(-Maxwell) field equa-
tions; physically, it can be interpreted as two uniformly
accelerating black holes dragged by forces originating
from conical singularities [6]. An accelerating black hole
with not only charge but also rotation was raised in [7].
The C-metric with a negative (positive) cosmological
constant has been used as a test background to study
gravitationally and electromagnetically radiative fields
near timelike (spacelike) infinity [8, 9]. However, in con-
trast to the flat or de Sitter (dS) C-metrics, the anti-de
Sitter (AdS) C-metric can describe a pair of accelerated
black holes only when the acceleration parameter A and
the AdS radius l satisfy a certain restriction, originally
thought to be A > 1/l [10]. It has recently been shown
that this condition must be corrected to be a more strin-
gent one [11]. If this condition is not satisfied (which will
be the case for sufficiently small acceleration A), then the
AdS C-metric describes an single uniformly accelerating
black hole having an outer (and possibly inner) horizon
[10–12].
For quite some time the thermodynamics of accelerat-
ing black holes have been poorly understood (and indeed
avoided) in the literature, most likely because they gener-
ically have two horizons, except for the slow-acceleration
case noted above. However it has recently been shown
that it is possible to make sense of their thermodynam-
ics in the slow-acceleration case, and a first law for these
objects was derived [13]. Furthermore, by allowing the
tension related to the conical deficits to vary, thermo-
dynamics of the accelerating black hole was generalized
to include a new potential named thermodynamic length
[14]. A holographic interpretation of the thermodynam-
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ics for a slowly accelerating AdS black holes was sub-
sequently given [11], and thermodynamic variables were
found to be consistently calculated using both confor-
mal and holographic methods. Conserved charges were
obtained by choosing a canonical time coordinate and
using a covariant phase space method in [15], as well as
checked by the Christodoulou-Ruffini mass formula [16].
An explication of the thermodynamic parameters of ac-
celerating AdS black holes with charge and rotation was
studied in [17], and these results were used to obtain a
remarkable snapping-swallowtail phase transition for the
charged case at a certain pressure [18]. For the rotating
case this particular pressure ‘splits’ into three values that
have the effect of admitting reentrant phase transitions
obtainable in two ways, either by varying the temper-
ature at fixed pressure or varying the pressure at fixed
temperature [19].
Until now, all extant C-metrics describing accelerat-
ing black holes are solutions of the equations of motion
in Einstein’s classical gravitational theory. It is of inter-
est to find accelerating black hole solutions in modified
gravity theories, such as the renowned f(R) gravity [20].
A number of reasons whose origins are in high-energy
physics [21–23] and cosmology [24, 25] motivate consid-
eration of higher-order curvature invariants to the grav-
itational action. Amongst the various possibilities, f(R)
gravity is an excellent candidate for two reasons. First, it
encapsulates the features of the higher-order gravity by,
for example, taking a simple form
f(R) =
∑
i
αiR
i, (1)
where R is the Ricci scalar and the αi are coefficients;
other higher-order terms such as RµνR
µν are not consid-
ered [20]. Second, it may be the only higher-derivative
theory that avoids the Ostrogradski instability [26].
In this paper, we obtain charged accelerating black
hole solutions in f(R) gravity and study their thermo-
dynamics. The thermodynamics of charged black holes
in f(R) gravity have been studied previously [27], and
phase transitions analogous to the van der Waals liquid-
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2gas system between small and large black holes were ob-
served to take place. In our extension to this case we
find a number of new results. One is a generalization
of the reverse isoperimetric inequality [28] that includes
both conical deficits and the effects of f(R) gravity. We
find that f(R) gravity can yield both sub-entropic and
super-entropic black holes, depending on the magnitude
of η = 1+f ′(R0), where R0 is value of the Ricci scalar for
the accelerating solution. Furthermore, we find that the
parameter space of allowed solutions is either enlarged or
diminished, depending on the size of η. Our investigation
of the phase behaviour of these black holes indicates that
both the expected van der Waals transitions and snap-
ping swallowtail behaviour observed previously [18] occur
here as well, but we also find new behaviour in the fixed-
potential ensemble, including Hawking-Page-type curves
for unstable and stable black holes. We find that not only
the lowest temperature attainable for the black hole but
also the highest temperature that the small black hole
can reach increases for increasing η. Furthermore, both
kinds of temperatures have depend on the acceleration of
the black hole, as we shall demonstrate.
We begin by introducing a charged accelerating black
hole solution in f(R) gravity and calculating its ther-
modynamic quantities in Sec. II. We will analyze the pa-
rameter space and phase transition for the charged slowly
accelerating f(R) AdS black hole in Sec. III. The final
section is devoted to our summary.
II. CHARGED ACCELERATING BLACK HOLE
IN f(R) GRAVITY
A. Solution
The action of f(R) gravity containing Maxwell term is
I = 1
16piG
∫
d4x
√−gL, (2)
with
L = R+ f(R)− FabF ab. (3)
Here R is the Ricci scalar, f(R) is an auxiliary function
of R, Fab = ∇aBb−∇bBa, and Ba is the gauge potential.
The corresponding equations of motion are
Rab − 1
2
Rgab − 1
2
f(R)gab +Rabf
′(R)−∇b∇aRf ′′(R)
+ gab∇c∇cRf ′′(R)−∇aR∇bRf (3)(R)
+ gab∇cR∇cRf (3)(R) = 2Tab (4)
and
∇b∇bBa −∇b∇aBb = 0, (5)
with
f ′(R) =
df(R)
dR
, (6)
Tab = F
c
a Fbc −
1
4
FcdF
cdgab. (7)
It is easy to check that the electromagnetic field is trace-
less, as
Tµµ = 0. (8)
Supposing that we want to get a maximally symmetry
solution, we can know that the Ricci scalar must be con-
stant [20]. When the curvature scalar is constant, i.e.,
R = R0 (R0 6= 0), according to (4), we can obtain [29, 30]
R0 −R0f ′(R0) + 2f(R0) = 0. (9)
Then (4) can be re-expressed as
ηRab − η
4
R0gab = 2Tab, (10)
where we have defined
η = 1 + f ′(R0). (11)
According to the equation of motion (10), we can ob-
tain a charged accelerating black hole solution
ds2 =
1
Ω2
[
−N(r)dt
2
α2
+
dr2
N(r)
+r2
(
dθ2
H(θ)
+H(θ) sin2 θ
dφ2
K2
)]
,
(12)
where
Ω = 1 +Ar cos θ, (13)
N(r) = (1−A2r2)
(
1− 2m
r
+
q2
ηr2
)
− R0r
2
12
, (14)
H(θ) = 1 + 2mA cos θ +
q2
η
A2 cos2 θ, (15)
α =
√
Ξ(1 +
12A2Ξ
R0
), (16)
Ξ = 1 +
q2A2
η
. (17)
In the black hole solution, the conformal factor Ω deter-
mines the conformal boundary rb of the black hole and
rb = −1/(A cos θ). A, m, q are individually the acceler-
ation, the mass parameter and the electric parameter of
the black hole. K stands for the conical deficits of the
black hole on the north and south poles. The parameter
3α is used to rescale the time coordinate so that we can
get a normalized Killing vector at the conformal infinity
[11, 12, 17]. When A = 0 we recover the charged AdS
black hole in f(R) gravity [31].
R0 < 0, R0 = 0 and R0 > 0 correspond to asymp-
totically AdS, flat, and dS accelerating black holes, re-
spectively. In the following, we will only investigate the
case R0 < 0. When A = 0, K = 1 R0 < 0, the solution
reduces to the f(R) black hole [29] for which we need
η > 0 to assure the existence of inner and outer horizons
[30]. For consistency, we will only consider the case η > 0
for the accelerating f(R) AdS black hole here. Then we
can solve the equation of motion (5) for the gauge field
to obtain the electromagnetic tensor
Fab = (dB)ab, (18)
where
Ba =
1
α
(
q
r+
− q
r
)
(dt)a, (19)
and r+ is the outer horizon.
When
f ′(R0) = 0, R0 = −12
l2
, (20)
the solution is identical to the charged accelerating AdS
black hole in Einstein gravity. Hereafter, we will write
R0 = −12/l2, so that the blackening factor of the black
hole can be written as
N(r) =
(
1− 2m
r
+
q2
ηr2
)
(1−A2r2) + r
2
l2
(21)
and we note that η and l are independent parameters.
B. Thermodynamic first law of slowly accelerating
f(R) AdS black hole
We will investigate slowly accelerating f(R) AdS black
hole here. The condition of the slow acceleration will
be discussed later. The mass of the slowly accelerating
AdS black hole can be obtained by conformal prescription
[32, 33]. We can choose a conformal factor Ω¯ = η−1lΩr−1
to eliminate the divergence near the conformally infinite
boundary. After a conformal transformation
g¯ab = Ω¯
2gab (22)
on the spacetime metric (12), we can obtain the con-
served charge related to the Killing vector ξa as
Q(ξc) = l
8pi
lim
Ω¯→0
l2
Ω¯
N¯aN¯ bC¯cadbξcdS¯
d, (23)
where N¯a is a normal covector of the conformal boundary
determined by Ω¯, C¯abcd is the Weyl tensor of the confor-
mal metric g¯ab. After letting Ω¯ → 0 in the conformal
metric g¯ab, we can obtain the spacelike area element as
dS¯a = −η
2l2 sin θdθdφ
αK
(dt)a. (24)
Then the mass M of the slowly accelerating f(R) AdS
black hole can be calculated as
M = Q(∂t) = ηm(1−A
2l2Ξ)
Kα
. (25)
It should be noted that we have chosen the conformal
factor so that the resulting mass of the slowly accelerating
f(R) AdS black hole becomes that of the f(R) black hole
[30] calculated by the quasilocal approach [34–36].
In contrast to the slowly accelerating AdS black hole
in Einstein gravity, the entropy of the accelerating AdS
black hole in f(R) gravity cannot be simply calculated
from the area law [37]; rather the Wald method [38] must
be used. This gives
S = −2pi
∮
d2x
√
hˆ
∂L
∂Rabcd
ˆabˆcd =
ηpir2+
K(1−A2r2+)
, (26)
where hˆ is the determinant of the induced metric on the
t = const. and r = r+ hypersurface, and ab is a normal
bivector which satisfies ab
ab = −2.
The temperature of the black hole can be obtained as
T =
f ′(r+)
4piα
=
l2
(
A2r2+ − 1
)2 (
q2 − ηr2+
)− ηr4+ (3−A2r2+)
4l2piαηr3+
(
A2r2+ − 1
)
=
r+
2piαl2
(
1−A2r2+
) + (A2r2+ − 1) (q2 − ηmr+)
2piαηr3+
.(27)
Then we can know
TS =
ηm
2αK
− q
2
2αKr+
+
ηr3+
2αl2K(1−A2r2+)2
. (28)
The electric charge of the black hole is
Q =
1
4pi
lim
Ω→0
∫
∗F = 1
4pi
∫
q
K
sin θdθdφ =
q
K
(29)
from Gauss’ law. The conjugate electric potential is
Φ =
1
4piQβ
∫
∂M
d3x
√
|h|naF abBb = q
αr+
(30)
where na is a normal covector on the conformal bound-
ary determined by Ω, h is the determinant of the induced
metric on the conformal boundary, β is related to the sur-
face gravity κ at the event horizon r+ by β = 2pi/κ [39].
Note that although a rescaling of q
q2
η
= Q2f (31)
renders the black hole solution (21) the same as that
for the accelerated charged black hole in Einstein grav-
ity [17], this parameter actually does not scale out of the
thermodynamics. The reason is that that mass (25) and
entropy (26) retain their η-dependence, and in fact the
4absence of η in (29) and (30) is essential in satisfying
the first law. We have checked that the gauge poten-
tial (19) can not contain a factor 1/
√
η, or else (10) can
not be satisfied. Consequently we disagree with the con-
served electric charge and conjugate potential previously
obtained for f(R) black holes [27, 30], where there are
respective factors of 1/
√
η and
√
η.
The pressure of the slowly accelerating f(R) AdS black
hole can be defined as [27, 30, 40–46]
P =
3
8pil2
. (32)
Then the volume can be obtained as
V =
4piη
3Kα
[
r3+
(1−A2r2+)2
+ml4A2Ξ
]
(33)
by using Smarr relation
M = 2(TS − PV ) + ΦQ. (34)
The conical deficits at the north pole (θ+ = 0) and
south pole (θ− = pi) are
δ± = 2pi
(
1− H±
K
)
, (35)
where
H± = Ξ± 2mA. (36)
Then the tensions related to the conical deficits on the
north and south poles are [47–49]
µ± =
δ±
8pi
=
1
4
(
1− H±
K
)
(37)
=
1
4
(
1− 1± 2mA+ q
2A2/η
K
)
, (38)
where δ± represents conical deficits at the north and
south poles, H± stands for H(θ = 0) and H(θ = pi).
We can also define [50]
∆ ≡ 1− 2(µ+ + µ−) = A
2q2 + η
ηK
, (39)
C ≡ µ− − µ+
∆
=
mAη
A2q2 + η
, (40)
which respectively are average and differential conical
deficits for the charged f(R) accelerating black hole. We
note that as η → 0 we obtain a large average deficit ∆
and a vanishingly small differential deficit C; conversely
for large η both ∆ and C approach their values in the
charge neutral case. Since both µ± are dimensionless,
these quantities, along with their thermodynamic con-
jugates λ± [14], do not enter the Smarr relation (34).
There is a direct but rather cumbersome method to ob-
tain these quantities from the first law [17]. Rather than
proceeding in this manner, we can instead write the mass
entirely in terms of the extrinsic thermodynamic param-
eters, obtaining
M2 =
∆ηS
4pi
[(
1 +
8PS
3∆η
+
piQ2
∆S
)2
−3∆ηC
2
2PS
(
8PS
3∆η
+ 1
)]
.
(41)
From this we can compute the temperature, electric
potential and thermodynamic volume as
T =
(
∂M
∂S
)
Q,P,µ±
=
1
24pi∆ηMS2
[
64P 2S4 + 16ηPS2
(
piQ2 + 2∆S
)
−3η2 (pi2Q4 + ∆2S2 (4C2 − 1))] ,
(42)
Φ =
(
∂M
∂Q
)
S,P,µ±
=
Q
(
8PS2 + 3η
(
piQ2 + ∆S
))
6∆MS
,
(43)
V =
(
∂M
∂P
)
S,Q,µ±
=
27∆3η3C2 + 256P 3S3 + 96ηP 2S
(
piQ2 + ∆S
)
144pi∆ηMP 2
,
(44)
which, upon using the expressions (26), (29), and (32)
can be shown to agree with those in (27), (30) and (33)
respectively.
The thermodynamic lengths conjugate to the tensions
µ± are therefore straightforwardly obtained
λ± =
(
∂M
∂µ±
)
S,Q,P
=
1
72pi∆2ηMPS
[
128P 3S4 + 96piηP 2Q2S2
−18η2P (∆2S2(1∓ 2C)2 − pi2Q4)
±27∆3η3SC] .
(45)
and it is then easy to check that the first law
dM = TdS + ΦdQ+ λ+ dµ+ + λ−dµ− + V dP (46)
is satisfied.
The key advantage of the formulation (41) is that it
elucidates the chemical structure of the accelerating black
hole [50]. Indeed, using (41) and (44) we obtain a general-
ization of the Reverse Isoperimetric Inequality [28, 51–53]
(
3V
4pi
)2
≥ 1
η∆
(
S
pi
)3
=
η2
∆
( A
4pi
)3
(47)
5for accelerating f(R) black holes, where A is the horizon
area. The equality is saturated if C = 0, and reduces
to that in Einstein gravity [50] if η = 1. A larger deficit
yields a smaller ∆, and therefore a smaller entropy with
respect to the volume, tending to make the black holes
sub-entropic. However a larger value of η works in a con-
trary manner, allowing for a larger entropy (but smaller
area!) relative to the volume, tending to make the black
holes super-entropic [54, 55].
We can confirm our result by calculating the action
with Gibbons-Hawking boundary term and boundary
counterterms [32, 56–58]
I =Ibulk + Isurf + Ict
=
1
16pi
∫
M
d4x
√−g [R+ f(R)− F 2]
+
1
8pi
∫
∂M
d3x
√−hηK
− 1
8pi
∫
∂M
d3x
√−hηH(l,R,∇R),
(48)
where
H(l,R,∇R) = 2
l
+
l
2
R− l
3
2
(
RabRab − 3
8
R2
)
+ · · · .
(49)
In the bulk term, one should note that R + f(R) =
−6η/l2, K is the extrinsic curvature scalar of the bound-
ary surface, R is the intrinsic curvature of the confor-
mal boundary described by the induced metric hij . One
should note that the boundary here is the conformal
boundary. After calculation, one can obtain the Gibbs
free energy G as
G =
I
β
=− ηr
3
+
2αKl2
(
1−A2r2+
)
2
− q
2
2αKr+
− ηm
2αK
+
ηm
(
1−A2l2)
αK
− mA
4l2q2
αK
=M − TS − ΦQ.
(50)
We have neglected the boundary term
Iemb =
1
4pi
∫
∂M
d3y
√
|h|naF abBb (51)
corresponding to the electricmagnetic field in the action
(48), which means that the system’s electric potential is
fixed but the electric charge is variable [59–62].
III. PHASE TRANSITION OF THE SLOWLY
ACCELERATING f(R) AdS BLACK HOLE
A. Parameter space
We will discuss permitted range of the parameters
m, A, q, l, η for the slowly accelerating f(R) AdS black
hole. Following convention in [18], we define
m˜ = mA, q˜ = qA, A˜ = Al, r˜ =
r
l
, (52)
which are dimensionless quantites, then N(r) and H(θ)
can be written as
N(r˜) = (1− A˜2r˜2)
(
1− 2m˜
A˜r˜
+
q˜2
ηA˜2r˜2
)
+ r˜2, (53)
H(θ) = 1 + 2m˜ cos θ +
q˜2
η
cos2 θ. (54)
First, we must ensure the existence of an outer event
horizon r˜+ such that
N(r˜+)|0<r˜+<1/A˜ = 0, (55)
with r˜+ = r+/l, and the positivity of the blackening
factor in the region between the outer horizon and the
conformal boundary, which can be expressed as
N(r˜)|r˜+<r˜<1/A˜ > 0. (56)
The condition (56) can be assured if we have
N ′(r˜+)|0<r˜+<1/A˜ > 0 = N(r˜+)|0<r˜+<1/A˜. (57)
Second, we should make sure
H(θ)|−pi6θ6pi > 0, (58)
which is equivalent to let
m˜ <
√
q˜2
η
Θ
(
q˜2
η
− 1
)
+
1
2
(
1 +
q˜2
η
)
Θ
(
1− q˜
2
η
)
, (59)
where Θ is the unit step function and Θ(0) = 1/2.
Third, we must eliminate the acceleration horizon.
The extreme condition for the emergence of the accel-
eration horizon is
N(r˜)|r˜=−1/(A˜ cos θ) = N ′(r˜)|r˜=−1/(A˜ cos θ) = 0, (60)
from which we can get m˜ = m˜(q˜, θ, η) and A˜ = A˜(q˜, θ, η).
Moreover, one should note that
1−A2l2Ξ > 0 (61)
in (16), which is equivalent to
A˜ <
√
η
η + q˜2
. (62)
The parameter space has been shown in Fig. 1 with
white enclosed regions. We have chosen two different
values for characteristic quantity η of the charged accel-
erating black hole in f(R) gravity. It is evident that a
larger η is endowed with a larger physically reasonable
6parameter space. There is a point where the blue, green
and red curves intersect (we name it point X, as the
convention in [18]), which can be solved for, yielding(
m˜X , A˜X
)
=
(√
q˜2(η + q˜2)
η
,
√
η
η + q˜2
)
. (63)
Combining the expressions (57), (59), (60), (62) and (63)
with the figures, when η →∞, we obtain
|q˜| < m˜ < 1
2
(
1 +
q˜2
η
)
→ 1
2
, (64)
and
0 < A˜ < 1, (65)
whereas for η → 0 (note that η > 0 for charged acceler-
ating f(R) black hole), we have
|q˜|
√
1 +
q˜2
η
< m˜ <
|q˜|√
η
, (66)
and
0 < A˜ < A˜X → 0+. (67)
(66) demands that |q˜| < 1.
When all curves intersect into one point (we can name
it point E), which makes the permitted region to be none,
we can obtain the coordinate of the extreme point as(
q˜E , m˜E , A˜E
)
=
(√
η
3
,
2
3
,
√
3
2
)
. (68)
When η = 1, the situation reduces to that studied previ-
ously [18] for charged accelerating black holes in Einstein
gravity.
B. Phase transitions
We now consider the phase behaviour of these slowly
accelerating black holes. We begin with the canonical
ensemble, where the electric charge of the black hole is
fixed. The Helmholtz free energy for this ensemble, which
can be obtained by including (51) in the computation of
the action, is
F = M − TS. (69)
Without loss of generality [18], we choose K = Ξ+2m˜,
so that µ+ = 0. The conical deficit is located entirely
along the south pole axis θ = pi, with µ− = m˜/K. Ac-
cording to (29), (32), (39), (40) and (63), the pressure
corresponding to the point X is
PX =
3m˜2
8piQ2 (1 + q˜2/η + 2m˜)
=
3µ2−
8piQ2
=
3(2C∆−∆ + 1)2
128piQ2
,
(70)
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FIG. 1. The permitted parameter spaces for η = 0.2, 2 and
q˜ = 11/50 are the white enclosed regions. The red, black,
green, and blue lines respectively correspond to conditions
(57), (59), (60) and (62).
P1=Pc
Px<P2<Pc
P3<Px
0.00 0.01 0.02 0.03 0.04 0.05 0.06
-0.5
0.0
0.5
1.0
1.5
T
F
FIG. 2. The free energy in terms of the temperature in the
canonical ensemble with η = 0.8, µ+ = 0, µ− = 0.05, Q =
0.8, P1 = Pc = 1/(96pi), P2 = P1/4 = 25PX/9, P3 = P1/16 =
25PX/36.
from which we can see that the parameter η does not
have a qualitatively different effect on the pressure of
the intersection point X. As a result, when considering
phase structure of the slowly accelerating f(R) AdS black
hole, we see that it will be qualitatively similar to that
in Einstein-AdS gravity [18].
In other words, a slowly accelerating f(R) AdS black
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FIG. 3. The Gibbs free energy G in terms of the temper-
ature T for the charged slowly accelerating f(R) AdS black
hole with Φ = 0.8, µ+ = 0, P = 3/(8pi). In the top diagram
η = 200 and
√
∆η > Φ; in the middle diagram µ− = 0.1
and
√
∆η < Φ; in the bottom diagram
√
∆η = Φ. Different
values of Φ, µ+ and P do not quantitatively affect our results.
To a numerical precision of 0.01 we find in the top diagram
that the upper branches terminate at T = 27.87, 19.64 for
µ− = 0.1, 0.15 respectively, and that the terminal temper-
ature decreases for increasing µ−. In the middle diagram,
the upper branches terminate at T = 0.30, 0.33, 0.36 for
η = 0.65, 0.70, 0.75 respectively, and the terminal tempera-
ture increases for increasing η. In the bottom diagram, the
upper branches terminate for values of (T,G) at (0.37, -0.026),
(0.38, -0.055), (0.70, -0.465) individually.
hole will experience a snapping swallowtail process when
the pressure of the black hole decreases below PX , and
the black hole will experience zeroth order, first order,
second order and reentrant phase transitions [18]. We
depict the Helmholtz free energy in terms of the temper-
ature in Fig. 2, from which we can see that the phase
transition of the slowly accelerating f(R) AdS black hole
is van-der Waals like for P > PX , and the branch cor-
responding to the small black hole with low temperature
has snapped for P < PX .
Turning to the grand canonical ensemble, where the
electric potential of the black hole is fixed, we plot the
Gibbs free energy (50) in terms of the temperature to
see the phase structure. Results are shown in Fig. 3 for
fixed η (top diagram), fixed µ− (middle diagram) and
fixed
√
∆η (bottom diagram).
Setting C = 0 but ∆ 6= 1 (i.e., µ− = µ+ 6= 0) we
obtain the zero-acceleration f(R) black hole threaded by
a cosmic string. In this case, by analyzing the derivative
of the temperature with respect to the entropy
T ′(S) =
∆η
(
8PS + Φ2 −∆η)
8
√
pi(S∆η)3/2
, (71)
we find that
√
∆η > Φ yields curves similar to those in
the top diagram in Fig. 3, whereas
√
∆η 6 Φ yields the
Gibbs free energy monotonically decreasing with temper-
ature (not illustrated here), a phenomenon noted pre-
viously for the zero-acceleration case without a cosmic
string [63, 64] . For ∆ = 1, C = 0 (i.e., µ− = µ+ = 0)
and
√
η > Φ we obtain the uppermost (red) curve shown
in the top diagram in Fig. 3, for which a standard
Hawking-Page transition occurs at G = 0. We do not
have an interpretation of what the transition at G = 0
means for µ− > 0.
For the charged slowly accelerating f(R) black hole,
we find that T ′(S) = 0 always has a solution for S > 0.
As a result Hawking-Page(-like) curves for the Gibbs free
energy are always present. From Fig. 3, we can see that
the lowest temperature attainable by a charged slowly
accelerating f(R) black hole increases for increasing µ−
and η. We also find that there exist curves that at low
temperatures have G > 0 on portions of both branches,
whereas at high temperatures G < 0 on both branches.
The lower branch corresponds to stable black holes when
G < 0. The upper branches terminate at some finite large
temperature that is not visible in the diagrams (except
for the two terminal points shown in the bottom diagram
of Fig. 3), and which increase for decreasing µ− and for
increasing η.
IV. SUMMARY
We have obtained the first accelerating black hole in
modified gravity (f(R) gravity), and have investigated
its thermodynamics, computing its mass, entropy, tem-
perature, electric charge, electric potential, and tensions.
We find a number of similarities to the charged accel-
erating case studied previously in Einstein gravity [18].
8The structure of its thermodynamic phase transitions are
similar to those in Einstein gravity, and the ‘snapping
swallowtail’ phenomenon is exhibited.
However we also find a number of distinctions due to
the parameter η that arise because the mass and en-
tropy are both linearly dependent on this quantity. This
means that it cannot be scaled out of the charge pa-
rameter, despite superficial appearances to the contrary.
We also obtain a generalization of the reverse isoperi-
metric inequality (47), suitable for f(R) gravity. While
the dependence on the conical deficit is (as expected) the
same as in Einstein gravity [50], we find that increasing η
tends to allow the black holes to have more area relative
to their thermodynamic volume, tending to make them
super-entropic. Furthermore, the allowed region of pa-
rameter space governing the phase transitions becomes
η-dependent, broadening the range of possibilities. We
found that for increasing η the accessible parameter space
is enlarged. Specifically, we gave the upper and lower
bounds for the parameters m˜ and A˜ that characterize
the parameter space when η varies between 0 and∞. We
have analyzed the phase structures of the charged slowly
accelerating f(R) AdS black hole both in the canonical
ensemble and grand canonical ensemble. In the fixed-
charge ensemble, we found van der Waals phase transi-
tions and snapping swallowtail behaviour, similar to that
in Einstein gravity[18]. In the ensemble where the electric
potential is fixed, we found that the lowest temperature
the black hole can attain increases for increasing µ− and
η. We also found that there are always two branches in
the G − T diagram for √∆η > Φ, √∆η = Φ and even√
∆η < Φ, where the upper one terminates at a high
temperature. The terminated temperature decreases for
increasing µ− and decreasing η.
f(R) gravity enables us to study the inflation and ac-
celerated expansion epochs of our universe. It can uni-
formly explain the early-time inflation as well as the dark
energy epoch [65]. It has been testified by many applica-
tions in cosmology and astronomy [66], it has also been
constrained by realistic FRW cosmology [67] and stability
consideration [68]. f(R) gravity is such a well-behaved
modified theory that it can show the evolution of the
universe and it can also give correct cosmological predic-
tions [69, 70]. It has been shown that f(R) theory with-
out cosmological constant can reproduce the behaviour of
Einstein-Hilbert action with cosmological constant [71].
The charged accelerating black hole in f(R) gravity
should provide further insight into f(R) gravity. The
role of η needs to be better understood. For example,
for η > 1, will these black holes exhibit thermodynamic
instabilities similar to those found recently [72] for other
super-entropic black holes? It is easy to extend our so-
lution for the charged accelerating black hole in f(R)
gravity to one with rotation, and it is possible that in-
teresting η-dependent phenomena may be present in this
case. Likewise, the possibility that η itself could be a
thermodynamic parameter merits investigation. Work
on these topics is in progress.
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